Abstract. On the smallest scales, three-dimensional large-scale structure surveys contain a wealth of cosmological information which cannot be trivially extracted due to the non-linear dynamical evolution of the density field. Lagrangian perturbation theory (LPT) is widely applied to the generation of mock halo catalogs and data analysis. In this work, we propose two methods designed to improve the correspondence between LPT and full numerical simulation of gravitational large-scale structure formation, in the mildly non-linear regime. We develop a computationally fast and flexible tool for a variety of cosmological applications. Our methods are based on a remapping of the approximately-evolved density field, using information extracted from N -body simulations. The remapping procedure consists of replacing the one-point distribution of a relevant quantity (the Eulerian density contrast of the Lagrangian divergence of the displacement field) by one which accounts for the full gravitational dynamics. As a result, we obtain a physically more pertinent density field on a point-by-point basis, while also improving higher-order statistics as predicted by LPT. We quantify the approximation error and the induced biases in the power spectrum and in the bispectrum as a function of scale and redshift. Our remapping procedures improves one-, two-and three-point statistics at scales smaller than 60 Mpc/h.
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Introduction
At present, observations of the three-dimensional large-scale structure (LSS) are major sources of information on the origin and evolution of the Universe. According to the current paradigm of cosmological structure formation, the presently observed structures formed via gravitational clustering of cold dark matter particles and condensation of baryonic matter in gravitational potentials wells. Consequently, the large-scale matter distribution retains a memory of its formation history, enabling us to study the homogeneous as well as the inhomogeneous evolution of our Universe. Due to non-linearities involved in the formation process, at present there exists just limited analytic understanding of structure formation in terms of perturbative expansions in Eulerian or Lagrangian representations. Both of these approaches rely on a truncated sequence of momentum moments of the Vlasov-Poisson system, completed by fluid dynamic assumptions [see e.g. 1, BCGS02 hereafter, and references therein]. For this reason, the validity of these approaches ceases, once the evolution of the large-scale structure enters the multi-stream regime [see e.g. 2] .
Nevertheless, Eulerian and Lagrangian approximations have been successfully applied to the analysis of three-dimensional density fields in regimes where they are still applicable, either at large scales or in the early Universe. Particularly, Lagrangian perturbation theory (LPT) captures significant mode-coupling information that is encoded beyond linear theory, such as large-scale flows and free-streaming, yielding three-dimensional matter distributions approximating those of full scale numerical simulations with reasonable accuracy [3] [4] [5] [6] [7] [8] [9] . Especially, second-order Lagrangian perturbation theory has been widely applied in data analysis and for fast generation of galaxy mock catalogs (e.g. PTHalos: [8, 10] ; Pinocchio: [11] [12] [13] [14] [15] ) that can be useful to estimate error bounds when analyzing observations.
Modern cosmological data analysis has an increasing demand for analytic and computationally inexpensive models providing accurate representations of the mildly non-linear regime of structure formation. Over the years, various non-linear approximations and attempts to extend the validity of LPT have been proposed. These include the spherical collapse model [16] , the truncated Zel'dovich approximation [17] and models with various forms for the velocity potential [18, 19] or the addition of a viscosity term in the Euler equation (the adhesion model, [20] ). Analytical techniques to improve the convergence and behavior of standard perturbation theory, successfully employed in quantum field theory and statistical physics, have also been applied in the context of gravitational clustering. These include renormalized perturbation theory [21] , the path integral formalism [22] , and the renormalization group flow [23] . More recently, Tassev & Zaldarriaga [24, 25] constructed a physical picture of the matter distribution in the mildly non-linear regime, and developed a method yielding improvements over LPT [26] , in particular at the scales relevant for baryon acoustic peak reconstruction [27] .
In this paper, we propose two numerically efficient methods designed to improve the correspondence between approximate models and full numerical simulations of gravitational large-scale structure formation. Generally, they can be applied to any approximate model of gravitational instability, but the second one is especially targeted to improving Lagrangian methods. We will illustrate both these methods on fields evolved with LPT: at order one, the Zel'dovich approximation [28, 29] (ZA in the following) and second-order Lagrangian perturbation theory (2LPT in the following).
The methods described in this paper are based on a remapping of the approximately evolved particle distribution using information extracted from N -body simulations. The first of these methods follows a similar line of thoughts as the "Gaussianization" idea proposed by Weinberg [30] . It basically consists of replacing the one-point distribution of the approximately evolved distribution by one which accounts for the full gravitational system. In this fashion, we adjust the one-point distribution to construct a physically more reasonable representation of the three-dimensional matter distribution, while retaining or improving higher order statistics, described already reasonably well by the ZA [3, 9, 28, 29, 31, 32] and by 2LPT [3] [4] [5] [6] [7] [8] .
In a second approach, we focus on the Lagrangian divergence of the displacement field, which is a natural object when working with Lagrangian representations of the LSS, as pointed out by Neyrinck [33, N13 hereafter] .
Implementing and testing the accuracy and the regime of validity of these methods is essential, and is subject of the present paper. Our study will quantify the approximation error as a function of scale in terms of a set of statistical diagnostics. From cosmographic measurements, σ 8 is known to be of order unity, which means that gravity becomes highly non-linear at some scale around 8 Mpc/h. Both of our methods are expected to break down due to shell-crossing in LPT, at some scale larger than 8 Mpc/h. Achieving a resolution of 16 Mpc/h would already constitute substantial improvement with respect to existing methods, since non-linearities begin to affect even large-scale cosmographic measurements such as the determination of the baryon acoustic oscillations scale from galaxy surveys (about 125 Mpc/h, [e.g. 34] ). However, we will explore the validity of the improvement at 8 Mpc/h down to 4 Mpc/h, to see to what extent we can push the limit for possible data analysis applications into the non-linear regime. Recall that in three-dimensional LSS surveys, the number of modes usable for cosmological exploitation scales as the cube of the largest wavenumber, k 3 , meaning that even minor improvements in the mildly non-linear regime would give access to much more cosmological information from existing and upcoming observations.
As will be demonstrated, these methods can be used to generate realizations of density fields much faster than N -body simulations. Even though approximate, these fast realizations of mock density fields may be sufficient to model the salient features of the non-linear density field for certain applications.
This paper is structured as follows. In section 2, we describe the remapping procedure for the Eulerian density contrast and apply it to cosmological models using data from numerical simulations. In section 3, we study the two-and three-point correlators of remapped fields and quantify the approximation error. In section 4 we describe an alternative remapping method based on the divergence of the Lagrangian displacement field, particularly suitable for ZA and 2LPT-evolved density fields. The statistics of the remapped fields are studied in section 5. We discuss our results and give our conclusions in section 6.
Corresponding LPT and N -body simulations presented in this paper were run from the same initial conditions, generated at redshift z = 63 using second-order Lagrangian perturbation theory. The N -body simulations were run with the Gadget-2 cosmological code [35, 36] . Evolutions of the Zel'dovich approximation were performed with N-GenIC [36] , and of second-order Lagrangian perturbation theory with 2LPTic [37] . To ensure sufficient statistical significance, we used eight realizations of the same cosmology, changing the seed used to generate respective initial conditions. All computations are done after binning the density field with a Cloud in Cell (CiC) method. The simulations contain 512 3 dark matter halos particles in a 1024 Mpc/h cubic box with periodic boundary conditions. The cosmological parameters used are WMAP-7 fiducial values [38] (Ω Λ = 0.728, Ω m = 0.2715, Ω b = 0.0455, σ 8 = 0.810, h = 0.704, n s = 0.967).
Remapping the Eulerian density contrast
In this section, we discuss the remapping procedure based on the Eulerian density contrast and apply it to cosmological density fields evolved with LPT. The algorithm is described in § 2.1 and the properties of the remapping function are examined in § 2.2.
Remapping procedure
In this section, we describe the remapping algorithm used to go from a low-redshift realization of a density field evolved with LPT to one evolved with full N -body gravitational dynamics. Note that both fields obey the same initial conditions but are evolved by different physical models. Density fields are defined on Cartesian grids of cubic voxels. Linear gravitational evolution exactly maintains the relative amplitude of fluctuations in different voxels. Due to mode coupling, positive and negative fluctuations grow at different rates in the non-linear regime, but even non-linear evolution tends to preserve the rank order of the voxels, sorted by density. 
δ Nbody P δ,Nbody (δ Nbody ) C δ,Nbody (δ Nbody ) Figure 1 . A graphical illustration of the Eulerian remapping procedure. The dashed curves are the probability distribution functions for the density contrast in the final density field, evolved from the same initial conditions to redshift z = 0 either with LPT (on the left; ZA: red line and 2LPT: blue line) or with full N -body dynamics (on the right). The solid curves are their respective integrals, the cumulative distribution functions. Remapping assigns a voxel with density contrast δ LPT and fractional rank ε the value of δ Nbody that would have the same fractional rank in the N -body distribution (eq. (2.1)). This remapping is illustrated for 2LPT with three sample points: δ 2LPT = −0.70 maps to δ Nbody = −0.73, δ 2LPT = 0.00 maps to δ Nbody = −0.13, and δ 2LPT = 3.40 maps to δ Nbody = 3.99. The remapping procedure imposes the N -body one-point distribution while maintaining the rank order of the LPT-evolved density fields.
The one-point probability distribution functions (PDF) and the cumulative distribution functions (CDF) of the final density fields, evolved with either LPT or full N -body gravitational dynamics, exhibit similar, but not identical shapes. This result suggests a way to improve the approximation with information extracted from the N -body simulation: maintain the rank order of the voxels, but reassign densities so that the two CDFs match. The method therefore resembles the "Gaussianization" procedure proposed by [30] , an attempt to reconstruct the initial conditions of a density field from its final CDF.
Let P δ,LPT and P δ,Nbody denote the probability distribution functions for the density contrast in the LPT and in the full N -body density fields, respectively. Let C δ,LPT and C δ,Nbody be their integrals, the cumulative distribution functions. C δ,LPT (δ LPT ) is the fractional rank for δ LPT i.e. the probability that the density contrast at a given voxel is smaller than δ LPT , P δ,LPT (δ ≤ δ LPT ), and the analogous for the N -body field. The Eulerian remapping procedure works as follows. A voxel with rank order δ LPT is assigned a new density δ Nbody such that
(also see figure 1 for a schematic outline of this method). The left panel of figure 1 shows P δ,LPT (dashed curve) and the corresponding cumulative distribution, C δ,LPT (solid curve). On the right panel, the dotted curve represents the PDF of the corresponding N -body realization, P δ,Nbody , and the solid curve is its integral, C δ,Nbody . Remapping assigns to a voxel with density contrast δ LPT and fractional rank ε = C δ,LPT (δ LPT ) the value of δ Nbody that would have the same fractional rank in the N -body distribution. In this illustration, the 2LPT density contrast δ 2LPT = −0.70 (ε = 0.204) is mapped to δ Nbody = −0.73; δ 2LPT = 0.00 (ε = 0.703) is mapped to δ Nbody = −0.13; δ 2LPT = 3.40 (ε = 0.977) is mapped to δ Nbody = 3.99. Since C δ,Nbody contains exactly the same information as P δ,Nbody , the remapping procedure imposes the one-point distribution taken from the N -body-evolved density field while maintaining the rank order of the LPT-evolved density field. In other words, only the weight of underdensities and overdensities is modified, while their locations remain unchanged (see also figures 2 and 3). In this fashion, we seek to adjust the density field while maintaining higher-order statistics provided by LPT with reasonable accuracy.
Remapping function
Since C δ,LPT and C δ,Nbody are monotonically increasing functions, there is no ambiguity in the choice of δ Nbody , and this procedure defines a remapping function f such that
Establishing a remapping function f requires knowledge of both LPT and N -body density field statistics. Ideally, several realizations with different initial conditions should be combined in order to compute a precise remapping function. For the analysis presented in this paper, the Eulerian remapping functions have been computed using the full statistics from eight realizations of 512 3 particles in a 1024 Mpc/h box.
Note that once the remapping function f is obtained, this procedure can be used on LPT realizations without the need of evolving corresponding N -body simulations. Since producing LPT realizations is computationally much faster than running full gravitational simulations by a factor of several hundreds, our method can be used to produce a large set of N -body-like realizations in a short time.
Both LPT and N -body density fields are evolved from Gaussian initial conditions. At redshift zero, their PDFs have been skewed by non-linear gravitational evolution, which adds a long tail at high densities and truncates the negative density fluctuations at δ = −1. Coles & Jones [39] showed that, even in the non-linear regime, the density field is better described by a log-normal distribution, namely that ln(1 + δ) (instead of δ) is Gaussian-distributed [see also 40, 41] . In the following, we provide analytic expressions of the remapping function f , assuming that both δ LPT + 1 and δ Nbody + 1 are exact log-normal random fields. In this case, the corresponding PDFs and CDFs are written in terms of two parameters σ and µ as [41] :
and the analogous for P δ,Nbody and C δ,Nbody . The remapping condition (eq. (2.1)) yields the equality of the two error functions, and since erf is a bijection, the remapping function takes a simple form (a power law in terms of 1 + δ): -pixel slice of a 512
3
-particle realization in a 1024 Mpc/h box with periodic boundary conditions. For clarity, the slice is limited to a square of 400 Mpc/h side, and the quantity shown is the log-density field, ln(2 + δ). For comparison with the initial conditions, the density field at high redshift (z = 5) is shown in the top right corner. The redshift-zero density fields are determined using, from top to bottom and from left to right: a full Nbody simulation, the Zel'dovich approximation, with Eulerian remapping (ZAERM), alone (ZA) and with Lagrangian remapping (ZALRM), second-order Lagrangian perturbation theory, with Eulerian remapping (2LPTERM), alone (2LPT) and with Lagrangian remapping (2LPTLRM). The Eulerian remapping is performed on a 128 
We fitted the remapping function discussed above with the expression of eq. (2.4). The result is presented in figure 4 . In each panel, the solid curves represent the remapping function f z at redshift z, computed with the LPT and N -body simulations. On the range shown on the upper panels, δ ∈ [−1; 40], the fit converged to the functions g, shown in dash-dotted lines, such that 
Id Figure 4 . The Eulerian remapping functions from LPT to N -body density fields, for the ZA (left panel) and 2LPT (right panel). The precise redshift-zero remapping functions f 0 (red and blue solid curves) have been computed using the full statistics from eight realizations (darker red and blue solid curves). The error bars shown are the 1-σ dispersion among the eight runs with reference to the full remapping function. The lower plots show the detail of the shaded area, in a density range containing most of the voxels. The redshift-dependence of the remapping function f z is shown for z = 1, z = 0.5 and z = 0. The dash-dotted and dotted curves, respectively g and h, are fitting functions for f 0 , of the form given by eq. (2.4), found by assuming that both LPT and N -body distributions are log-normal. The value of the fitting parameters are given by eq. (2.6)-(2.9). The difference in the behavior of the remapping function and its fitting functions is due to the deviations of the real distributions from a log-normal shape. The dashed line shows the identity function. The critical value δ c is the turning point below which the remapping procedure decreases the density and above which it increases the density.
In the lower plots, we show the redshift-dependence and the behavior of the remapping function for the most common events, in the range δ ∈ [−1 ; 5] . In this range, the remapping function is better represented by the following fitting functions, also shown in the inner plots as dotted lines:
The dashed black line shows the identity function. We checked that the remapping function gets closer to the identity function with increasing redshift, as expected. This is statement is clearly visible for 2LPT. For the ZA, one has to get to very high redshift to see the remapping function converge to the identity. This is due to the local nature of the ZA, which prevents the gravitational clustering of particles, even at high redshift, therefore limiting overdensities.
A critical point δ c around δ ZA ≈ 2.5 and δ 2LPT ≈ 2.3 is found at the intersection of the remapping function and of the identity function. For δ LPT below this critical value, the remapping decreases the local density. For δ LPT above this value, in strong overdensities, the remapping increases the local density, indicating that clustering is more important in N -body dynamics than in LPT.
Statistics of Eulerian-remapped fields
In this section we discuss the validity of the Eulerian remapping procedure described in section 2, by studying the correlators of the remapped field in comparison to the input LPT and Nbody fields. The remapping procedure based on the Eulerian density contrast essentially replaces the LPT one-point function by that of the N -body-evolved field. Since the position and shape of structures is left unchanged, we expect the higher-order correlators of the density field to be respected by the remapping procedure. Of particular interest is to check how remapping affects higher-order statistics and if possible improvements could be exploited in data analysis or artificial galaxy survey applications.
We implemented a numerical algorithm that computes a remapped density field. The procedure can be divided in three steps:
1. We take as input two cosmological density fields, evolved from the same initial conditions with LPT (ZA or 2LPT) and with full N -body dynamics, and estimate the one-point statistics (PDF and CDF for δ) for this particular realization. We repeat this step for the eight realizations used in our analysis.
2. We take as input all the one-point statistics computed with individual realizations, and we compute a precise remapping function using the full statistics of all available realizations, as described in § 2.1.
3. For each realization, we remap the density field using this remapping function and we analyze its correlation functions.
Our algorithm provides the one-point ( § 3.1) and two-point ( § 3.2) statistics. We used the code described in [42, 43] to study the three-point statistics ( § 3.3). The results are presented below.
One-point statistics
The Eulerian remapping procedure, described in section 2, is essentially a replacement of the cumulative distribution function of the density contrast of the input LPT-evolved field, C δ,LPT , by that of the reference N -body-evolved field, C δ,Nbody . After having applied the remapping procedure, we recomputed the PDF of the remapped field and verified that it matches that of the fiducial N -body-evolved field as a sanity check.
Remapping alters local density values but positions of structures remain unchanged. Nbody simulations tend to give more clustered overdensities than LPT. This fact has already been noted above, where we identified a critical point at which the remapping function crosses the identity function. For the comparison of voids in N -body dynamics and LPT, a distinction should be made between the ZA and 2LPT. The voids predicted by the ZA unambiguously contain less matter than with full N -body dynamics. The additional physics in 2LPT tries to correct the underfilling of voids with the ZA. However, the matter added in voids has wrong statistical properties, which leads to an artifact recently noted by [N13] and further commented below, namely the presence of peaky, overdense spots in underdense regions. Because of this feature, the reliability of 2LPT at low redshift and high mass resolution has been questioned and discussed in [N13] .
It is therefore important to check that remapping visually alters the LPT-evolved distribution in such a way that overdense structures get more clustered and voids get emptier on average, with a careful check of the statistical properties of the matter they contain. Figure 2 shows a slice of the density contrast δ, measured at redshift zero, on a 128 2 -pixel sheet of a 512 3 -particles realization in a 1024 Mpc/h box. The corresponding mesh size is 8 Mpc/h. Visually, remapped fields (ZAERM and 2LPTERM) are closer to the full N -body result than their originals (ZA and 2LPT), with correct one-point statistics (by construction) and plausible particle distribution.
As noted in the introduction, the remapping procedure is not able to reproduce highly non-linear gravitational physics, and is expected to break down at some small scale. In order to identify this critical scale, we analyzed the problem at various different grid resolutions. Figure 3 shows the same realizations, but analyzed on a 512 3 -grid, corresponding to a finer mesh size of 2 Mpc/h. An additional feature can be observed in the remapped 2LPT field, namely some very dense spots in underdense regions. 2LPT is known to allow the formation of overdensities where there should be deep voids [N13]. Since our remapping procedure tends to boost the denser regions, especially with a fine mesh, this artifact is enhanced and becomes visible in density slices.
Two-point statistics
Power spectrum
We measured the power spectrum of dark matter particles, displaced according to each approximation and assigned to cells with a CiC scheme, for different mesh sizes. Power spectra were measured from theses meshes, with a correction for aliasing effects [44] . Redshift-zero results computed on a 8 Mpc/h mesh are presented in figure 5 . There, the dashed line corresponds to the theoretical, non-linear power spectrum expected, computed with Cosmic Emulator tools [45] [46] [47] . A deviation of full N -body simulations from this theoretical prediction can be observed at small scales. This discrepancy is a gridding artifact, completely due to the finite mesh size used for the analysis. The relative deviations of various power spectra
P NL (k) Figure 5 . Redshift-zero dark matter power spectra in a 1024 Mpc/h simulation, with density fields computed with a mesh size of 8 Mpc/h. The particle distribution is determined using: a full Nbody simulation (purple curve), the Zel'dovich approximation, alone (ZA, light red curve), with Eulerian remapping (ZAERM, orange curve) and with Lagrangian remapping (ZALRM, dark red curve), second-order Lagrangian perturbation theory, alone (2LPT, light blue curve), with Eulerian remapping (2LPTERM, green curve) and with Lagrangian remapping (2LPTLRM, dark blue curve). The dashed black curve represents P NL (k), the theoretical power spectrum expected at z = 0. Note that both ZAERM and 2LPTERM show increased power in the mildly non-linear regime compared to ZA and 2LPT (at scales corresponding to k
for this redshift), indicating an improvement of two-point statistics with the Eulerian remapping procedure. In this regime, the power spectrum is respected by Lagrangian remapping. A large-scale bias, taking the form of an artificial offset at low k, positive for ZAERM and 2LPTERM, negative for ZALRM and 2LPTLRM, can be observed.
with reference to the density field computed with a full N -body simulation are presented in figures 6 and 7.
At high redshift (z > 1), we found no difference between the power spectrum of matter evolved with full N -body dynamics and that of Eulerian-remapped distributions from either of LPT approaches. This indicates that our remapping procedure is increasingly successful as we go backwards in time towards the initial conditions, where LPT gives accurate results.
At low redshift, the power spectrum shape of the Eulerian-remapped LPT fields is closer to the shape of the full non-linear power spectrum, turning down at smaller scales than the LPT power spectra. In particular, LPT fields exhibit more small-scale correlations after Eulerian remapping. For the auto-correlation of the fields, measured by the power spectrum, the remapping of the ZA surprisingly gives better results than the remapping of 2LPT. This effect is very likely due to low-density artifact in 2LPT, predicting overdense regions in the deepest voids [N13, see also § 3.1 and figure 3 ], which is amplified by our remapping procedure. However, the position (as measured by the cross-correlation to a N -body simulation, see § 3.2.2) and the shape (as measured by the bispectrum, see § 3.3) of structures is poorer with the ZA than with 2LPT. Indeed, 2LPT is a non-local approximation, and therefore contains Figure 6 . Power spectrum: mesh size-dependence. Relative deviations for the power spectra of various particle distributions, with reference to the density field computed with a full N -body simulation. The particle distribution is determined using: the Zel'dovich approximation, alone (ZA, light red curve), with Eulerian remapping (ZAERM, orange curve) and with Lagrangian remapping (ZALRM, dark red curve), second-order Lagrangian perturbation theory, alone (2LPT, light blue curve), with Eulerian remapping (2LPTERM, green curve) and with Lagrangian remapping (2LPTLRM, dark blue curve). The computation is done on different meshes: 16 Mpc/h (64 -voxel grid, right panel). All results are shown at redshift z = 0. LPT fields exhibit more small-scale correlations after Eulerian remapping and their power spectra get closer to the shape of the full non-linear power spectrum. Remapping a more coarsely binned density field reduces the large-scale bias observed for Eulerian-remapped LPT fields. The negative bias of Lagrangian-remapped field does not depend on the mesh used for the power spectrum analysis. , the cross-correlations with respect to the N -body-evolved field are better with Eulerian remapping than with LPT alone, confirming the success of the remapping procedure in this regime. At large scales however, this cross-correlation is slightly poorer than with 2LPT alone, probably due to the large-scale bias of LPT-remapped fields, observed in their power spectra. The cross-correlation with respect to the N -body-evolved field is approximately respected by Lagrangian remapping.
additional physics (tidal effects) compared to the ZA.
The power spectrum of Eulerian-remapped fields shows an artificial offset at large scales, for k below a critical value around 0.2 (Mpc/h) −1 , corresponding to a scale of 32 Mpc/h. A similar kind of multiplicative bias at large scales was found by [N13] with a modified Lagrangian approximation accounting for the spherical collapse of matter in high-density regions. The same kind of problem has long been known with halos, which form the peaks of the highly-clustered matter distribution, and therefore are biased tracers of the underlying dark matter density field [48] . The power spectrum for halos exhibits this bias, even at large scales [49, 50] . Comparing the panels of figures 6 and 7, it can be observed that the offset is suppressed at higher redshift and enhanced if a finer binning is required for the analysis. We suspect this bias to be due to an unphysical effect arising with the remapping of LPT beyond shell-crossing, where the validity of LPT breaks down. A possible correction would be to multiplicatively change the effective growth factor until the power spectra agree on large scales. However, this correction would undesirably reduce the LPT-remapped power spectrum at small scales.
Fourier-space cross-correlation coefficient
In figure 8 we present the Fourier-space cross-correlation coefficient R(k) ≡ P δ×δ / √ P δ P δ between the redshift-zero density field in the N -body simulation and several other density fields. At this point, it is useful to recall that an approximation well-correlated with the non-linear density field can be used in a variety of cosmological applications, such as the reconstruction of the non-linear power spectrum [24] . As pointed out by [N13], the crosscorrelation between 2LPT and full gravitational dynamics is higher at small k than the crosscorrelation between the ZA and the full dynamics, meaning that the position of structures is more correct when non-local effects are taken into account.
At redshift zero and at small scales, the agreement is better with Eulerian-remapped LPT fields than with LPT alone, confirming the success of the remapping procedure to explore the mildly non-linear regime. The cross-correlation coefficient indicates better agreements for the remapping of 2LPT than for the remapping of the ZA, which is consistent with the better performance of 2LPT in predicting full-dynamics cross-correlated structures. On the other hand, the performance of the remapping method is poorer at large scales than 2LPT alone. Since the critical scale, k ≈ 0.2 (Mpc/h) −1 , is of the order of the critical scale observed in the power spectrum for the large-scale bias of remapped fields, this lower cross-correlation accuracy is likely to be due to the artificial offset in the power spectrum discussed in § 3.2.1.
Three-point statistics
We analyzed the accuracy of our method beyond second-order statistics, by studying the three-point correlation function in Fourier space, the bispectrum. The importance of threepoint statistics relies in their ability to test the correctness of the shape of structures. Some of the natural applications are to test gravity [42, 51] , to break degeneracies in the galaxy bias [52] [53] [54] [55] or to test the existence of primordial non-Gaussianities in the initial matter density field [56, 57] .
As for the power spectrum, for the bispectrum we construct the dark matter density contrast field, namely δ(k), putting particles in cells using a CiC scheme, and deconvolving them after performing the Fourier transform.
The algorithm used to compute the bispectrum B(k 1 , k 2 , k 3 ) from this δ(k) field consists of randomly drawing k-vectors from a specified bin, namely ∆k, and randomly orientating the (k 1 , k 2 , k 3 ) triangle in space. We chose the number of random triangles to depend on the number of fundamental triangle per bin, that scales as k 1 k 2 k 3 ∆k 3 [58] , where ∆k is the chosen k-binning: given k i we allow triangles whose i-side lies between k i − ∆k/2 and k i + ∆k/2. In this paper we always set ∆k = k min = 2π/L, where L is the size of the box. For the equilateral case, at scales of k ≈ 0.1 (Mpc/h) −1 we are generating ∼ 1.7×10 6 random triangles. We have verified that increasing the number of triangles beyond this value does not have any effect on the measurement.
As a rule of thumb, a maximum threshold in k for trusting the simulation data is set by a quarter of the Nyquist frequency, defined
, where L is the size of the box and N v is the number of voxels in the grid on which particles are placed in the initial conditions; which makes for our analysis (L = 1024 Mpc/h, N v = 512 3 ), k N /4 ≈ 0.39 (Mpc/h) −1 . At this scale it has been observed that the power spectrum starts to deviate at the percent-level with respect to higher resolution simulations [45] . For all plots and results shown in this paper, this limit in k is never exceeded. Also, as a lower limit in k, we have observed that for scales larger than ∼ 3 k min the effects of sample variance start to play an important role on the bispectrum and considerable deviations with respect to linear theory are observed. Therefore the largest scale for the bispectrum analysis is set to 3 k min ≈ 1.8×10 −2 (Mpc/h) −1 .
The error bars presented in the bispectrum plots represent the dispersion of the mean among eight independent realizations, all of them with the same cosmological parameters. It 
B NL (k 1 ) Figure 9 . Redshift-zero dark matter bispectra for equilateral triangle shape, in 1024 Mpc/h simulations, with density fields computed on mesh of 8 Mpc/h size. The particle distribution is determined using: a full N -body simulation (purple curve), the Zel'dovich approximation, alone (ZA, light red curve), with Eulerian remapping (ZAERM, orange curve) and with Lagrangian remapping (ZALRM, dark red curve), second-order Lagrangian perturbation theory, alone (2LPT, light blue curve), with Eulerian remapping (2LPTERM, green curve) and with Lagrangian remapping (2LPTLRM, dark blue curve). The dashed line, B NL (k), corresponds to theoretical predictions for the bispectrum, found using the fitting formula of [43] . Note that both ZAERM and 2LPTERM show increased bispectrum in the mildly non-linear regime compared to ZA and 2LPT, indicating an improvement of three-point statistics with the Eulerian remapping procedure. A large-scale bias of the same kind as in the power spectrum, taking the form of an artificial offset of ZAERM and 2LPTERM at large scales, can be observed. The bispectrum of the ZA and of 2LPT is approximately respected by the Lagrangian remapping procedure.
has been tested [43] , that this estimator for the error is in good agreement with theoretical predictions based on the Gaussianity of initial conditions [59] . Note that the subtracted shot noise is always assumed to be Poissonian:
[see e.g. 60, and references therein], wheren is the number density of particles in the box. The bispectrum is usually normalized to the so-called reduced bispectrum, defined by [61, 62] ,
This normalization is known to take away most of the dependence on scale and cosmology, and therefore useful to isolate the effects of gravity [e.g. 42, 58] . In the following, we also focus on this quantity.
Throughout this paper, a triangle shape is defined by the relative length of vectors k 1 and k 2 and the inner angle θ 12 , in such a way that k 1 +k 2 +k 3 = 0 and k 1 ·k 2 = k 1 k 2 cos(π−θ 12 ). In Figure 10 . Bispectrum: mesh size-dependence. Relative deviations for the reduced bispectra Q(k 1 ) of various particle distributions, with reference to the theoretical prediction Q NL (k 1 ) found using the fitting formula of [43] . The particle distribution is determined using: a full N -body simulation (Nbody, purple curve), the Zel'dovich approximation, alone (ZA, light red curve), with Eulerian remapping (ZAERM, orange curve) and with Lagrangian remapping (ZALRM, dark red curve), second-order Lagrangian perturbation theory, alone (2LPT, light blue curve), with Eulerian remapping (2LPTERM, green curve) and with Lagrangian remapping (2LPTLRM, dark blue curve). The computation of bispectra is done for equilateral triangles and on different meshes: 16 Mpc/h (64 -voxel grid, right panel). All results are shown at redshift z = 0. As expected, the best agreement with theoretical predictions is provided by full N -body simulations. LPT fields exhibit more small-scale three-point correlations after Eulerian remapping and their bispectra get closer to the shape of the full non-linear bispectrum. Remapping a more coarsely binned density field reduces the large-scale bias observed for Eulerianremapped LPT fields. The negative bias of Lagrangian-remapped field does not depend on the mesh used for the bispectrum analysis. figure 9 , we plot the redshift-zero bispectrum, computed on a 8 Mpc/h mesh, of the different density fields for equilateral triangles (θ 12 = π/3 and k 2 /k 1 = 1). There, the dashed line corresponds to theoretical predictions for the non-linear bispectrum, found using the fitting formula of [43] .
The overall result is a clear improvement of the bispectrum of LPT-evolved fields with the Eulerian remapping procedure, especially on the small scales shown, probing the mildly non-linear regime, k 0.1 (Mpc/h) −1 corresponding to scales 62 Mpc/h, where LPT predicts less three-point correlation than full gravity. The same kind of large-scale bias than observed in the power spectrum is present in the bispectrum. We suspect a probable common origin to be the enhancement of the unphysical behavior of LPT beyond shell-crossing by the remapping procedure.
The relative deviations of various reduced bispectra with reference to the fitting formula of [43] are shown in figures 10, 11, 12 and 13. As expected, the best agreement with theoretical predictions is always provided by full N -body simulations. The large-scale bias of Eulerianremapped fields behaves as for the power spectrum: it is reduced for more coarsely binned density fields (see figure 10 ) and at higher redshift (see figure 11 ). In figure 12 we examine the scale-dependence for various triangle shapes and conclude that the large-scale bias varies with the triangle shape but does not strongly depend on the scale. This means that a scaleindependent correction for the bias would be sufficient for a correct modeling of the salient Figure 11 . Bispectrum: redshift-dependence. Relative deviations for the reduced bispectra Q(k 1 ) of various particle distributions (see the caption of figure 10), with reference to the theoretical prediction Q NL (k 1 ) found using the fitting formula of [43] . The computation of bispectra is done on a 8 Mpc/h mesh (128 Figure 12 . Bispectrum: scale-dependence for different triangle shapes. Relative deviations for the reduced bispectra Q(k 1 ) of various particle distributions (see the caption of figure 10), with reference to the theoretical prediction Q NL (k 1 ) found using the fitting formula of [43] . The computation is done on a 8 Mpc/h mesh (128 3 -voxel grid) and results are shown at redshift z = 0 for various triangle shapes as defined above. As expected, the best agreement with theoretical predictions is provided by full N -body simulations. The bias of Eulerian-remapped fields depends on the triangle shape, but is not strongly scale-dependent. The bias of Lagrangian-remapped fields is weakly dependent on the triangle shape and nearly scale-independent.
features of the bispectrum. The precise dependence on the triangle shape at different scales is shown in figure 13 . The bias in the bispectrum of remapped fields peaks where LPT deviates significantly from N -body dynamics (around the equilateral shape: 0.2 < θ 12 /π < 0.4), and is reduced where the physical models give similar predictions (for large values of θ 12 : folded Figure 13 . Bispectrum: triangle shape-dependence. Relative deviations for the reduced bispectra Q(k 1 ) of various particle distributions (see the caption of figure 10), with reference to the theoretical prediction Q NL (k 1 ) found using the fitting formula of [43] . The computation is done on a 8 Mpc/h mesh (128 
Remapping the divergence of the Lagrangian displacement field
In this section, we discuss the remapping procedure based on the Lagrangian divergence of the displacement field. In § 4.1, we analyze the relative merits of the Eulerian density contrast and the Lagrangian divergence of the displacement field and we emphasize several features of the latter, relevant for the present work. We describe the remapping algorithm in § 4.2 and we examine the properties of the remapping function in § 4.3.
Divergence of the displacement field vs. density contrast
The remapping procedure described in section 2 relies on the Eulerian density contrast. In this section, we describe an alternative remapping procedure specifically aiming at improving the results of Lagrangian perturbation theory. Instead of the Eulerian density contrast, it relies on the divergence of the displacement field, which is a natural object in Lagrangian representation of the LSS [N13]. In this framework, the quantity of interest is not the position, but the displacement field Ψ(q) which maps the initial comoving particle position q into its final comoving Eulerian position x (see e.g. [63] or [BCGS02] for overviews),
It is important to note that, though Ψ(q) is a priori a full three-dimensional vector field, it is curl-free up to second order in Lagrangian perturbation theory (appendix D in [64] Skewness Excess kurtosis P δ P ψ P δ P ψ ZA 2.36 ± 0.01 −0.0067 ± 0.0001 9.95 ± 0.09 −2.2154 × 10 −6 ± 0.0003 2LPT 2.83 ± 0.01 −1.5750 ± 0.0002 13.91 ± 0. 15 3.544 ± 0.0011 Nbody 5.14 ± 0.05 −0.4274 ± 0.0001 62.60 ± 2.75 −0.2778 ± 0.0004 Table 1 . Non-Gaussianity parameters (the skewness γ 1 and the excess kurtosis γ 2 ) of the redshiftzero probability distribution functions P δ and P ψ of the density contrast δ and the divergence of the displacement field ψ, respectively. The error bars given are the 1-σ standard deviations among eight realizations. In all cases, γ 1 and γ 2 are reduced when measured from ψ instead of δ. P ψ,ZA is exactly Gaussian, as proved by its coefficients γ 1 and γ 2 very close from 0. P ψ,Nbody is slightly skewed by non-linear gravitational evolution. Trying to catch some of the non-linear features of full gravity, P ψ,2LPT goes beyond the skewness of N -body simulations and gets peaked (γ 2 0). For a visualization of the shape of P δ and P ψ , see figure 14. or [BCGS02] for a review). 2LPT is precisely the order at which we limit our interest for considerations of computational time.
Let ψ(q) ≡ ∇ q · Ψ(q) denote the divergence of the displacement field, where ∇ q is the divergence operator in Lagrangian coordinates. ψ quantifies the angle-averaged spatialstretching of the Lagrangian dark matter "sheet" in comoving coordinates [N13] . Let P ψ,LPT and P ψ,Nbody denote the one-point probability distribution functions for the divergence of the displacement field in the LPT and in the full N -body-evolved fields, respectively. In the right panel of figure 14 , we show the PDFs of ψ for the ZA, 2LPT and full N -body gravity.
The most important feature with ψ is that, whatever the model for structure formation, the PDF exhibits reduced non-Gaussianity compared to the PDF for the density contrast δ (see the left panel of figure 14 for comparison) . The main reason is that P δ , unlike P ψ , is tied down to zero at δ = −1. It is highly non-Gaussian in the final conditions, both in N -body simulations and in approximations to the true dynamics. The first and second-order non-Gaussianity statistics are the skewness γ 1 and the excess kurtosis γ 2 ,
where µ n is the n-th moment about the mean and σ is the standard deviation. We estimated γ 1 and γ 2 at redshift zero in our simulations, in the PDFs of the density contrast δ and of the divergence of the displacement field ψ. The results are shown in Table 4 .1. In all cases, we found that both γ 1 and γ 2 are reduced by several units when measured from P ψ instead of P δ . At linear order in Lagrangian perturbation theory (the Zel'dovich approximation), the divergence of the displacement field is proportional to the density contrast in the initial conditions, δ(q); scaling with the negative growth factor, −D 1 (τ ):
Since we take Gaussian initial conditions, the PDF for ψ is Gaussian at any time with the ZA. In full gravity, non-linear evolution slightly breaks Gaussianity. A longer tail in negative values can observed, P ψ,Nbody is slightly skewed toward negative values while its peak gets shifted around ψ ≈ 1. Taking into account non-local effects, 2LPT tries to get closer to the particles. A quantitative analysis of the deviation from Gaussianity of these PDFs is given in Table 4.1. The particle distribution is determined using: a full N -body simulation (purple curve), the Zel'dovich approximation, alone (ZA, light red curve) and with Lagrangian remapping (ZALRM, dark red curve), second-order Lagrangian perturbation theory, alone (2LPT, light blue curve) and with Lagrangian remapping (2LPTLRM, dark blue curve). For the Eulerian remapping, the distribution of the density contrast is, by construction, that of the N -body simulation; and for the Lagrangian remapping, the distribution of the divergence of the displacement field is, by construction, that of the N -body simulation. On the right panel, the vertical line at ψ = −3 represents the collapse barrier about which ψ values bob around after gravitational collapse. A bump at this value is visible with full gravity, but LPT is unable to reproduce this feature. This regime corresponds to virialized, overdense clusters.
shape observed in N -body simulations, but the correct skewness is overshot and the PDF is overly peaked. Figure 15 shows a slice of the divergence of the displacement field, measured at redshift zero for particles occupying a flat 512 2 -pixel Lagrangian sheet from one of our simulations. For comparison, see also the figures in [2, 65] and [N13] . We used the color scheme of the latter paper, suggesting a topographical analogy when working in Lagrangian coordinates. As structures take shape, ψ departs from its initial value; it takes positive values in underdensities and negative values in overdensities. The shape of voids (the "mountains") is found to be reasonably similar in LPT and in the N -body simulation. However, in overdense regions where ψ decreases, it is not allowed to take arbitrary values: where gravitational collapse occurs, "lakes" form and ψ gets stuck around a collapse "barrier", ψ ≈ −3. As expected, theses "lakes", corresponding to virialized clusters, can only be found in N -body simulations, since LPT fails to accurately describe the highly non-linear physics involved. A small bump at ψ = −3 is visible in P ψ,Nbody . We checked that this bump gets more visible in similar simulations with smaller boxes (200 Mpc/h for 256 3 particles), where matter is more clustered. This means that part of the information about gravitational clustering can be found in the onepoint statistics of ψ. In the following section, we propose a point-by-point method designed to catch this feature. Of course, the complete description of halos would require to precisely account for the shape of the "lakes", which can only be done by including higher-order correlations. Figure 16 shows two-dimensional histograms comparing N -body simulations to the LPT- particles from a 512 3 -particle simulation of box size 1024 Mpc/h, run to redshift zero. Each pixel corresponds to a particle. In the upper left panel, the density contrast δ in the same simulation is shown, after binning on a 512 3 -voxel grid, corresponding to a mesh size of 2 Mpc/h. The particle distribution is determined, using from top to bottom and from left to right: a full N -body simulation, the Zel'dovich approximation, alone (ZA) and with Lagrangian remapping (ZALRM), second-order Lagrangian perturbation theory, alone (2LPT) and with Lagrangian remapping (2LPTLRM). Some clusters and voids are identified by yellow and purple dots, respectively, in the slice of the density contrast. Dots at the same position are shown in the slices of the divergence of the displacement field for comparison. The "lakes", Lagrangian regions that have collapsed to form halos, are only visible in the N -body simulation. The "mountains", Lagrangian regions corresponding to cosmic voids, are well reproduced by LPT, especially after Lagrangian remapping. Figure 16 . Left panel. Two-dimensional histograms comparing particle densities evolved with full N -body dynamics (the x-axis) to densities in the LPT-evolved particle distributions (the y-axis). The red lines show the ideal y = x locus. A turn-up at low densities is visible with 2LPT, meaning that some overdense regions are predicted where there should be deep voids. This artifact is enhanced by the Eulerian remapping procedure. Right panel. Two-dimensional histograms comparing the divergence of the displacement field, for particles evolved with full N -body dynamics (the x-axis) and with Lagrangian perturbation theory (the y-axis). Negative ψ corresponds to overdensities and positive ψ correspond to underdensities. The red lines show the ideal y = x locus. The dotted blue line shows the "collapse barrier" at ψ = −3 where particle get clustered in full gravity. The scatter is bigger with ψ than with δ, in particular in overdensities, since with LPT, particles do not cluster. The turn-up at low densities with 2LPT, observed with the density contrast, is also visible with the divergence of the displacement field.
evolved realizations for the density contrast δ and the divergence of the displacement field ψ. At this point, it is useful to note that a good mapping can be done, and a remapping will be successful, in the case where the relation shown is monotonic and the scatter is narrow. As pointed out by [N13] and already discussed above, there are overdense particles in the low density region of the 2LPT δ-scatter plot. This degeneracy is also visible in the ψ > 0 region of the 2LPT ψ-scatter plot. On average, the scatter is bigger with ψ than with δ, in particular in overdensities (ψ < 0), since with LPT, particles do not cluster: ψ takes any value between 2 and −3 where it should remain around −3. Summing up our discussions in this paragraph, we analyzed the relative merits of the Lagrangian divergence of the displacement field ψ, and the Eulerian density contrast δ, in Lagrangian description of the fluid. In the following, we propose a remapping algorithm based on ψ instead of δ. The important differences are the following:
1. Ψ being irrotational up to order two, its divergence ψ contains nearly all information on the displacement field in one dimension, instead of three. In this paper, we assume that Ψ is a potential field, implying that ψ contains all the information of Ψ. In particular, the collapse barrier at ψ = −3 is visible in P ψ for N -body simulations but not for LPT.
A part of the information about non-linear gravitational clustering is therefore encoded in the one-point statistics of ψ. By construction, our one-point remapping catches this feature.
2. ψ exhibits much fewer gravitationally-induced non-Gaussian features than δ in the final conditions (see figure 14 and Table 4 .1.)
3. However, the values of ψ are more scattered than the values of δ with respect to the true dynamics (see figure 16 ), meaning that an unambiguous mapping is more difficult.
Remapping procedure
In the previous section, we argued that the Lagrangian divergence of the displacement field ψ exhibits some interesting features if one targets to the optimization of LPT. We now propose a one-point remapping procedure, similar to that of § 2.1, but based on ψ instead of δ.
Using the same approach, we want to maintain the rank order of the voxels, now sorted by ψ, but reassign the individual values of ψ so that the CDF for ψ in LPT and in full N -body dynamics match. Let C ψ,LPT and C ψ,Nbody be the cumulative distribution functions, the integrals of P ψ,LPT and P ψ,Nbody , respectively. The Lagrangian remapping procedure works as follows. For each particle, the displacement vector Ψ LPT is computed in Lagrangian coordinates and its divergence ψ is evaluated in Fourier space. A particle with rank order ψ LPT is assigned a new displacement vector whose divergence ψ Nbody is such that
The components of the new displacement field Ψ Nbody such that ψ Nbody = ∇ q · Ψ Nbody are computed in Fourier space, assuming that Ψ Nbody is curl-free, for the reason discussed in § 4.1. Each particle is then re-evolved from the initial conditions, according to its new displacement vector. Note that, contrary to the Eulerian remapping procedure, this remapping is done at the level of individual particles on the initial Lagrangian lattice and not at the level of voxels after binning the density field. For this reason, the Lagrangian remapping procedure is unique in the sense that contrary to the Eulerian one, it does not depend on the size of the mesh used for the analysis. Working with a particle approach (such as the Lagrangian remapping procedure) has many practical advantages when compared to a density field approach (such as the Eulerian remapping procedure). Having both the particles positions and velocities precisely describes the complicated phase-structure of dark matter, which is lost in the density field picture. It is also useful for the generation of mock catalogs, since one can derive the density both in real space and in redshift space and account for non-trivial survey boundaries [25] . .4)). This remapping is illustrated for 2LPT with three sample points: ψ 2LPT = −3.00 maps to ψ Nbody = −2.70, ψ 2LPT = 0.00 maps to ψ Nbody = −0.37, and ψ 2LPT = 3.00 maps to δ Nbody = 3.54. The remapping procedure imposes the N -body distribution for ψ while maintaining the rank order of the LPT-evolved density fields.
The procedure is schematically outlined in figure 17 . There, the left panel shows P ψ,LPT (dashed curve) and the corresponding cumulative distribution, C ψ,LPT (solid curve). On the right panel, the dotted curve is the PDF of the corresponding N -body realization, P ψ,Nbody , and the solid curve is its integral, C ψ,Nbody . Remapping assigns to a particle with ψ LPT and fractional rank ε = C ψ,LPT (ψ LPT ) the value of ψ Nbody that would have the same fractional rank in the N -body distribution. In this illustration, ψ 2LPT = −3.00 (ε = 0.113) is mapped to ψ Nbody = −2.70; ψ 2LPT = 0.00 (ε = 0.391) is mapped to ψ Nbody = −0.37; ψ 2LPT = 3.00 (ε = 0.984) is mapped to ψ Nbody = 3.54.
Since C ψ,Nbody contains exactly the same information as P ψ,Nbody , the remapping procedure imposes the ψ one-point function taken from the N -body simulations while maintaining the rank order of LPT. In other words, only the weight of ψ-spots is modified, their locations are left unchanged (see figure 15) . In this fashion, we seek to adjust the displacement field, and therefore the Eulerian density field, while maintaining higher-order statistics provided by LPT with reasonable accuracy. Since this method is fully developed in Lagrangian coordinates and physically motivated by the properties of the displacement field, it is especially targeted to the improvement of LPT.
Remapping function
In the same fashion as in section 2.2, the procedure defines a remapping function f such that 
Establishing a remapping function f needs both LPT and N -body statistics. As with the density contrast, it is possible to combine several realizations with different initial conditions in order to compute a precise remapping function. However, since the Lagrangian remapping is done at the level of individual particles, and not at the level of voxels after binning, one always has more statistics with ψ than with δ. For the analysis presented in this paper, the Lagrangian remapping functions have been computed using the full statistics from eight realizations of 512 3 particles in a 1024 Mpc/h box.
Once the remapping function f is obtained, this procedure can be used on LPT realizations without having to evolve corresponding N -body simulations. The Lagrangian remapping procedure requires the computation of a divergence and the reconstruction of a curl-free vector field from its divergence, which is conveniently done in Fourier space. For this reason, contrary to the Eulerian remapping procedure, the Lagrangian one has the additional cost of requiring direct and inverse Fourier transforms. However, since producing LPT realizations and calculating Fourier transform stays computationally much faster than running a full gravitational code, the method can be used to produce a large number of N -body-like realizations in a reasonably short time.
In figure 18 , we show the Lagrangian remapping function at redshift zero for the ZA and for 2LPT. Due to the form of the PDFs of the divergence of the displacement field, these remapping functions have non-trivial shapes. Contrary to the Eulerian remapping, the behavior observed with the ZA and with 2LPT are very different. This is due to the different properties of the displacement field at order one and two in LPT, commented above and observable in figure 14.
Statistics of Lagrangian-remapped fields
In this section we discuss the accuracy of the Lagrangian remapping procedure described in section 4, by studying the correlators of the remapped field in comparison to the input LPT and N -body fields. As for the Eulerian remapping procedure, and for the reasons discussed in § 4.1, we expect the higher-order correlators of the density field to be respected by the remapping procedure. As before, we check how remapping affects higher order statistics and if possible improvements could be exploited in data analysis or artificial galaxy survey applications.
We implemented a numerical algorithm that computes the Lagrangian remapping of a particle distribution. The procedure can be divided in three steps resembling those described in the beginning of section 3:
1. We take as input two cosmological particle distributions, evolved from the same initial conditions with LPT (ZA or 2LPT) and with full N -body dynamics, and estimate the one-point statistics for the divergence of the displacement field (PDF and CDF) for this particular realization. This step is done for all realizations at our disposal (eight in the analysis presented in this paper).
2. We take as input all the one-point statistics for ψ, computed with individual realizations, and we compute a precise remapping function using the full statistics of all available realizations, as described in § 4.2.
3. For each realization, we remap the divergence of the displacement field. From this remapped divergence, we reconstruct the displacement field in Fourier space, assuming it is curl-free; we evolve the particle distribution accordingly, then we analyze the correlation functions.
One-point statistics
The remapping procedure based on the Eulerian density contrast replaces the LPT one-point statistics with that of the N -body-evolved field. The one-point distribution for δ is therefore correct by construction. This is no longer true with the Lagrangian remapping, which is why the one-point distribution has to be carefully checked at this point.
In the left panel of figure 14 we plot the probability distribution function for the density contrast at redshift zero for N -body simulations and various approximately evolved fields: with the ZA and 2LPT alone, and after Lagrangian remapping (ZALRM and 2LPTLRM). It can be observed that, by remapping, the peaks of the PDFs get closer to the reference set by N -body dynamics. However, the PDFs get a little wider with remapping. The Lagrangian remapping procedure being successful on average for one-point statistics and accurate for the most common events, we expect the number count of structures such as clusters, filaments or voids predicted by LPT to be made more robust by Lagrangian remapping.
Two-point statistics
Power spectrum and cross-correlation coefficient
In figure 5 , we present the redshift-zero power spectrum of dark matter particles, displaced according to each approximation and assigned to cells with a CiC scheme on a 8 Mpc/h mesh, after correction for aliasing [44] . The dashed line corresponds to the theoretical, non-linear power spectrum expected in full gravity, computed with Cosmic Emulator tools [45] [46] [47] .
The relative deviations of power spectra with respect to the density field computed with a full N -body simulation are presented in figure 6 for varying mesh size and in figure 7 for varying redshift. In figure 8 we present the Fourier-space cross-correlation coefficient with respect to the density field as predicted by N -body dynamics.
We found an overall good agreement between the power spectra and cross-correlation coefficient of matter evolved with the ZA and 2LPT, before and after Lagrangian remapping. This result indicates that the two point-correlation of particles as well as the position of structures, predicted by LPT, are respected by Lagrangian remapping. This is especially true in the mildly non-linear regime (k 0.2 (Mpc/h) −1 ).
A small negative bias at larges scales is observed in Lagrangian-remapped fields, contrary to the positive bias of Eulerian-remapped fields. This large-scale bias has a very weak redshiftdependence and does not depend on the mesh used for the analysis.
Correction of the large-scale bias
We believe the bias of Lagrangian-remapped fields comes from gridding artifacts in the computation of direct and inverse Fourier transforms on the original mesh on which particles are placed in the initial conditions (512 3 -voxel grid for the simulations analyzed in this paper). The finite grid size introduces a cutoff in Fourier space, yielding some smoothing in real space quantities. The average effect is a shortening of displacement vectors, mimicking a decrease in the effective growth factor, which negatively biases the power spectrum. It is therefore easy to take into account the cosmographic approximation error at larges scales. A solution to correct for this bias is to artificially increase the effective growth factor so that the power spectra of Lagrangian-remapped fields and N -body simulations agree on large scales.
As a refinement of our Lagrangian remapping method, we tried to correct the large-scale bias of LRM fields by multiplying ψ by a constant factor so that the power spectra agree on large scales with that of full N -body dynamics. For the ZA, this is equivalent to rescaling the linear growth factor (see eq. (4.3)). In all cases, with this correction, particles travel further on average, and final structures get more evolved.
The resulting power spectra are shown in figure 19 and the cross-correlations of the new approximations with full N -body dynamics are shown in figure 20 .
The original power spectrum of the ZA is recovered after this correction, and the crosscorrelation with full gravity is slightly improved, staying above 98% for k ≤ 0.2 (Mpc/h) −1 .
For 2LPT, more two-point correlations are predicted at all scales, and in particular, for the power spectrum, the 2LPT-remapped and corrected field becomes a better approximation to full gravity than 2LPT in the non-linear regime. However, the cross-correlation coefficient to full gravity of 2LPTLRM, though improved by the large-scale correction, remains lower than with 2LPT alone.
Three-point statistics
To test three-point statistics, we followed the procedure described § 3.3. In figure 9 , we present the redshift-zero bispectrum for equilateral triangles, computed on a 8 Mpc/h mesh, of dark matter particles evolved with different physical models. The dashed line corresponds to theoretical predictions for the non-linear bispectrum, found using the fitting formula of [43] .
As for the power spectrum, we found an overall good agreement between the bispectra of matter evolved with LPT, before and after Lagrangian remapping. This result indicates that the three point-correlation of particles, predicted by LPT, are respected by Lagrangian Figure 19 . Relative deviations for the power spectra of various particle distributions, with reference to the density field computed with a full N -body simulation. The computation is done on a 8 Mpc/h (128 3 -voxel grid) mesh and all results are shown at redshift z = 0. The particle distribution is determined using: the Zel'dovich approximation, alone (ZA, light red curve) and with Lagrangian remapping (ZALRM, dark red curve), second-order Lagrangian perturbation theory, alone (2LPT, light blue curve) and with Lagrangian remapping (2LPTLRM, dark blue curve). The plum and green curves represent new approximations including a correction of the large scale bias of ZALRM and 2LPTLRM, respectively. This correction takes the form of a multiplication of ψ by a constant factor so that the power spectrum agrees with full gravity on large scales, which mimics the effect of artificially increasing the linear growth factor (see the text for details). With this correction, the original ZA is recovered and for 2LPT, the new model becomes a better approximation to full gravity in the mildly non-linear regime, k 0.1 (Mpc/h)
remapping. The bispectrum of Lagrangian-remapped fields also exhibits a negative bias at larges scales, likely linked to the original gridding of particles in the initial conditions (see the discussion for the power spectrum in § 5.2). The relative deviations of reduced bispectra with reference to the fitting formula of [43] are presented in figure 10 , 11, 12 and 13. The large-scale bias of Lagrangian-remapped fields behaves as for the power spectrum: it does not depend on the mesh used for the analysis (see figure 10 ) and weakly depends on redshift (see figure 11) . The dependence on the triangle shape at different scales is shown in figure 13 . The bias of Lagrangian-remapped fields is found to be weakly dependent on the triangle shape. In figure 12 we examine the scale-dependence for various triangle shapes and conclude that the bias is nearly scale-independent.
Discussion and Conclusion
The main subject of this paper is the development of methods designed to improve the correspondence between approximate models for gravitational dynamics and full numerical simulation of gravitational large-scale structure formation. Our methodology relies on a remapping of the one-point distribution of the Eulerian density contrast or of the Lagrangian divergence of the displacement field, of the approximately evolved particle distribution using information extracted from N -body simulations. In this fashion, we obtain a physically more accurate representation of the three-dimensional matter distribution in the mildly non-linear regime, while improving higher-order statistics.
The aim of these methods is to develop a fast, flexible and efficient way to generate realizations of LSS density fields, accurately representing the mildly non-linear regime. Our procedures, therefore, respond to the increasing demand for numerically inexpensive models of three-dimensional LSS, for applications to modern cosmological data analysis. They provide a good method for producing mock halo catalogs and low-redshift initial conditions for simulations, if desired. The resulting information can also be used in a variety of cosmological analyses of present and upcoming observations. Satisfactory results for one, two and three-point statistics are obtained in the mildly non-linear regimes at scales smaller than 60 Mpc/h, down to scales of about 16 to 8 Mpc/h: the cross-correlation of Eulerian-remapped fields with full gravity stays above 96% up to k ≈ 0.4 (Mpc/h) −1 , and the bispectrum is correct at around 80% level accuracy at these scales. After correction of a large-scale bias in the power spectrum, the Lagrangian remapping procedure improves the cross-correlation coefficient of the ZA to full gravity (≥ 98% for k ≤ 0.2 (Mpc/h) −1 ) and the power spectrum of 2LPT, for which around 10% more correlations are predicted at k ≈ 0.3 (Mpc/h) −1 . These results constitute a substantial improvement with respect to existing techniques, since non-linearities begin to affect even large-scale measurements in galaxy surveys. Since the number of modes usable for cosmological exploitation scale as k 3 , even minor improvements in the smallest scale k allow access to much more knowledge from existing and upcoming observations. This work is a step further in the non-linear regime, which contains a wealth of yet unexploited cosmological information. For possible applications, we provided a cosmographic and statistical characterization of approximation errors.
We showed that our remapping procedures predict the two and three-point correlation function at around 80% level accuracy at redshift 3 in the mildly non-linear regime, for k between 0.1 and 0.4 (Mpc/h) −1 , illustrating the increasing success of our methods as we go backwards in time towards the initial conditions, when LPT is an accurate description of early structure formation. This is of particular interest in several areas of high-redshift cosmology, such as forecasting 21 cm surveys [66] , analyzing the properties of the intergalactic medium via the Lyman-α forest [67] or probing the reionization epoch [68] .
Our Lagrangian remapping procedure is particularly efficient for lower density regions, where LPT is an adequate model, as shown in § 4.1. Statistical summaries of density fields, such as power spectra and cross-correlation coefficients, though popular in cosmology, emphasize high-density regions such as heavy clusters, constituting only a small percentage of the volume of the LSS [e.g. 69] and known to be inaccurately modeled by LPT; but also ignore low-density regions where LPT is an adequate model. By the Lagrangian remapping procedure, low-density, large volume regions see larger improvements that will be subject of further study [70] . This is of particular interest since cosmic voids catalogs from galaxy surveys are now available [71] . The distribution, evolution and properties of cosmic voids are extensively studied [e.g. [72] [73] [74] [75] as powerful probes of the properties of dark energy [76] [77] [78] [79] , gravitational lensing effects [80] [81] [82] , the integrated Sachs-Wolfe effect [83] , or modifications of gravity [84, 85] .
However, the realization of density fields with these procedures stays approximate, since the full non-linear gravitational physics involves information contained in the shape of structures, which cannot be captured from a one-point modification of LPT, especially after shellcrossing. We studied the performance of one-point remappings of LPT and presented a statistical characterization of the errors, but additional modifications, such as a combination of remapping and transfer function techniques [25] could further improve on these approximations, for an increased computational cost.
Fast and accurate methods to model the non-linearly evolved mass distribution in the Universe have the potential of profound influence on modern cosmological data analysis. Recently proposed full Bayesian large scale structure inference methods, which extract information on the matter distribution in the Universe from galaxy redshift surveys, rely on Lagrangian perturbation theory [86] . The methods proposed in this paper will provide a numerically efficient and flexible extension of these methods, permitting us to push dynamic analyses of the large scale structure further into the non-linear regime. In particular, we envision our techniques to add to methods of physical inference and reconstruction of initial conditions from which the large-scale structure of the Universe originates. We may hope that this approach will yield a more detailed view on cosmic structure formation, on the nature of dark energy, as well as on physics of the early Universe by studying, for example, primordial non-Gaussianity via higher-order statistics.
